Strength of thin cylindrical shells as columns : a report by Wilson, Wilbur M., 1881- & Newmark, Nathan Mortimore, 1910-1981
I L L IN I S
UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN
PRODUCTION NOTE
University of Illinois at
Urbana-Champaign Library
Large-scale Digitization Project, 2007.

UNIVERSITY OF ILLINOIS BULLETIN
ISSUED WEEKLY
Vol. XXX February 28, 1933 No. 26
[Entered as second-class matter December 11, 1912, at the post office at Urbana, Illinois, under
the Act of August 24, 1912. Acceptance for mailing at the special rate of postage provided
for in section 1103, Act of October 3, 1917, authorized July 31, 1918.]
THE STRENGTH OF THIN CYLINDRICAL
SHELLS AS COLUMNS
A REPORT OF AN INVESTIGATION
CONDUCTED BY
THE ENGINEERING EXPERIMENT STATION
UNIVERSITY OF ILLINOIS
IN CO6PERATION WITH
THE CHICAGO BRIDGE AND IRON WORKS
BY
WILBUR M. WILSON
AND
NATHAN M. NEWMARK
BULLETIN No. 255
ENGINEERING EXPERIMENT STATION
PUBLISHED BT EM Ui IVE10 SITT ILLINOIS, tUSANA
Pacm; Fwrr O ass
4
T HE Engineering Experiment Station was established by act
of the Board of Trustees of the University of Illinois on De-
cember 8, 1903. It is the purpose of the Station to conduct
investigations and make studies of importance to the engineering,
manufacturing, railway, mining, and other industrial interests of the
State.
The management of the Engineering Experiment Station is vested
in an Executive Staff composed of the Director and his Assistant, the
Heads of the several Departments in the College of Engineering, and
the Professor of Industrial Chemistry. This Staff is responsible for
the establishment of general policies governing the work of the Station,
including the approval of material for publication. All members of
the teaching staff of the College are encouraged to engage in scientific
research, either directly or in cooperation with the Research Corps
composed of full-time research assistants, research graduate assistants,
and special investigators.
To render the results of its scientific investigations available to
the public, the Engineering Experiment Station publishes and dis-
tributes a series of bulletins. Occasionally it publishes circulars of
timely interest, presenting information of importance, compiled from
various sources which may not readily be accessible to the clientele
of the Station, and reprints of articles appearing in the technical press
written by members of the staff.
The volume and number at the top of the front cover page are
merely arbitrary numbers and refer to the general publications of the
University. Either above the title or below the seal is given the num-
ber of the Engineering Experiment Station bulletin, circular, or reprint
which shopld be used in referring to these publications.
For copies of publications or for other information address
THE ENGINEERING EXPERIMENT STATION,
UNIVRSITY OF ILLINOIS,
SUBANA, ILINOIS
A
;
.'* ;j "..,/ ^ 
:
' ; - '
v
\ ' 
1 :
" ''' -
: I
"/ 
1
, 
;
j
1 ;
' *. '' ^ '., ' .''
UNIVERSITY OF ILLINOIS
ENGINEERING EXPERIMENT STATION
BULLETIN No. 255 FEBRUARY, 1933
THE STRENGTH OF THIN CYLINDRICAL
SHELLS AS COLUMNS
A REPORT OF AN INVESTIGATION
CONDUCTED BY
THE ENGINEERING EXPERIMENT STATION
UNIVERSITY OF ILLINOIS
IN COOPERATION WITH
THE CHICAGO BRIDGE AND IRON WORKS
BY
WILBUR M. WILSON
RESEARCH PROFESSOR OF STRUCTURAL ENGINEERING
NATHAN M. NEWMARK
SPECIAL RESEARCH GRADUATE ASSISTANT IN CIVIL ENGINEERING
ENGINEERING EXPERIMENT STATION
PUBLISHED BY THE UNIVERSITY OF ILLINOIS, URBANA
U41 8vnRsgnOF ILLINOIS
4000-1-33-3480 flM
c
n*
CONTENTS
PAGE
I. INTRODUCTION . . . . . . . . . . . . . 5
1. Introduction. . . . . . . . . . . . 5
2. Object and Scope of Investigation . . . . . 5
3. Acknowledgments . . . . . . . . . . 6
II. ELASTIC WRINKLING . . . . . . . . . . . 6
4. General Theory . . . . . . . . . . . 6
5. Limitations of Theory . . . . . . . . . 8
III. PLASTIC WRINKLING . . . . . . . . . . . 10
6. Method Presented by Gecke'er . . . . . . 10
7. Proposed Critical Strain Method . . . . . . 11
8. Review of Previous Experimental Investigations . 12
IV. DESCRIPTION OF TESTS AND APPARATUS . . . . . 14
9. Machined Specimens . . . . . . . . . 14
10. Fabricated Specimens . . . . . . . . . 16
V. RESULTS OF TESTS. . . . . . . . . . . . 18
11. General . . . . . . . . . . . . . 18
12. Effect of t/R Ratio on Wrinkling Stress . . . . 24
13. Use of Empirical Constant in Critical-Strain Method 30
14. Effect of Length on Wrinkling Stress. . . . . 33
15. Effect of Eccentric Loading on Wrinkling Stress . 35
16. Wrinkling of Fabricated Cylinders . . . . . 38
17. Character of Failure . . . . .. . . . 39
VI. SUMMARY . . . . . . . . . . . . . . 44
18. Summary. . . . . . . . . . . . . 44
LIST OF FIGURES
NO. PAGE
1. Assumed Typical Stress-Strain Curves and Corresponding t/R-Wrinkling-
Stress Curves . . . . . . . . . . . . . . .. . 12
2. Truncated-cone Bearing Block as Used to Load Shell 80 Inches in Diameter 17
3. Stress-Strain Diagrams, 4-in. Shelby Seamless Tubing . . . . . . 22
4. Comparison of Stress-Strain Diagrams for Tension and Compression, 4-in.
Shelby Seamless Tubing . . . . . . . . . . . . . . 23
5. Autographic Stress-Strain Diagrams, 4-in. Shelby Seamless Tubing . . 24
6. Stress-Strain Diagrams, 14-in. Hot-rolled Seamless Tubing. . . . . 25
7. Stress-Strain Diagrams for Control Specimens, 14-in. Hot-rolled Seamless
Tubing . . . . . . . . . . . . . . . . . . . 28
8. Relation Between Wrinkling Stress and t/R Ratio . . . . . . . 29
9. Relation Between Length and Wrinkling Stress, 4-in. Shelby Seamless
Tubing . . . . . . . . . . . . . . . . . . . 34
10. Relation Between Length and Wrinkling Stress, Fabricated Specimens,
Series 8 . . . . . . . . . . . . . . . . . . . 35
11. Relation Between Wrinkling Stress and Eccentricity . . . . .. . 38
12. Lap-welded Steel Tubing After Failure . . . . . . . . . . 39
13. Fabricated Specimen 80 Inches in Diameter and 0.25 Inch in Thickness
After Failure . . . . . . . . . . . . . . . . . 40
14. Fabricated Specimen 35 Feet in Length, 34 Inches in Diameter, and 0.125
Inch in Thickness in Testing Machine; Wrinkling Failure Occurred at
Middle of Length . . . . . . . . . . . . . . . . 41
15. Machined Specimens 14 Inches in Diameter After Failure . . . . . 42
16. 4-in. Shelby Seamless Tubing After Failure . . . . . . . . . 42
17. Failure Under Different Degrees of Eccentric Loading; 4-in. Shelby Seam-
less Tubing Specimens 4 Inches in Length . . . . . . . . . 43
18. Failure Under Different Degrees of Eccentric Loading; 4-in. Shelby Seam-
less Tubing Specimens 16 Inches in Length. . . . . . . .. . 43
LIST OF TABLES
1. Description of Machined Specimens . . . . . . . . . . . 15
2. Results of Tests, Machined Specimens . . . . . . . . .. . . 19
3. Results of Tests, Machined Specimens with Offset Shells . . . . . 20
4. Results of Tests, Fabricated Specimens . . . . . . . . .. 21
5. Physical Properties of Material in Tension, Machined Specimens . . . 26
6. Physical Properties of Material in Tension, Fabricated Specimens . . . 27
7. Wrinkling Stress for Shelby Tubing of Various Thicknesses: Comparison
of Experimental and Computed Values . . . . . . . . . . 31
8. Wrinkling Stress for Eccentrically-loaded Shells, Series 2 . . . . . 36
THE STRENGTH OF THIN CYLINDRICAL SHELLS
AS COLUMNS
I. INTRODUCTION
1. Introduction.-A thin cylindrical shell subjected to compres-
sion in the direction of its longitudinal axis may fail either by insta-
bility of the shell as a whole, involving bending of the axis, or by
local instability of the wall of the shell which may not at all involve
lateral distortion of the axis. The former type of failure is that inves-
tigated by Euler, and the strength depends on the ratio of length to
radius of gyration of the shell. The latter type of failure has been
called by various writers secondary flexure, crinkling, or wrinkling,
and the wrinkling strength depends on the ratio of thickness to radius
of the shell wall. Failure of this type is by formation of character-
istic wrinkles or bulges, circular or lobed in shape depending on the
properties of the specimen. It is, of course, possible for a combination
of both types of failure to occur in a moderately long slender tube.
The strength of a thin cylindrical shell as a column has assumed
additional interest among structural engineers because of the recent
development of elevated storage tanks having radial-cone bottoms*
for which the standpipe functions as a column to carry part of the
weight of the tank and its contents. For example, a 1 500 000-gallon
tank at Indianapolis, Indiana, has a standpipe 10 ft. 0 in. in diameter,
70 ft. high, and Y in. in thickness, which serves as a column and
which was designed for an axial compressive stress of 5 010 lb. per
sq. in.
2. Object and Scope of Investigation.-The object of the investi-
gation was to study the type of failure characterized by local wrin-
kling and to investigate the dependence of the wrinkling strength upon
variables of two kinds: (1) physical properties of the material, and
(2) geometrical properties of the cylinder, such as length, thickness,
radius, and end conditions.
The effect of these variables has been studied experimentally,
and an attempt has been made to correlate the results with the theory
as presented by Southwell and others. The particular variables
studied were:
(1) Thickness-radius ratio in both machined and fabricated
specimens.
*Patented by the Chicago Bridge and Iron Works.
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(2) Transverse joints in both machined and fabricated specimens.
(3) Length of both machined and fabricated specimens.
(4) Eccentricity of load on short and medium length machined
specimens.
A method is proposed for determining the wrinkling strength of
shells from the stress-strain curve for the material.
3. Acknowledgments.-This investigation is a part of the work of
the Engineering Experiment Station of the University of Illinois,
of which DEAN M. S. KETCHUM is the director, and the Department
of Civil Engineering, of which Prof. W. C. HUNTINGTON is the head.
The work was financed by the Chicago Bridge and Iron Works, who
furnished the specimens and provided funds from which to pay the
direct expenses.
The work was done in consultation with an Advisory Committee
of the Chicago Bridge and Iron Works, the members of which are:
H. C. BOARDMAN, Chairman, GEORGE T. HORTON, 0. A. BAILEY,
E. E. MICHAELS, and RALPH GREEN.
II. ELASTIC WRINKLING
4. General Theory.-Analytical solutions of the problem of wrin-
kling or buckling of thin cylindrical shells under axial load are given
by Southwell,* Dean,t and others.f
In these derivations it is assumed that the elastic limit of the
material is not exceeded. In general, although different methods of
approach are used, the same results are obtained, namely, for a
uniform circular bulge or wrinkle,
E 1 tS = (1)
3 V- -- R
where S = unit stress which causes a condition of instability likely to
result in wrinkling, for brevity, the critical wrinkling
stress.
E = modulus of elasticity of the material.
A = Poisson's ratio.
t = thickness of the shell wall.
R = mean radius of the shell; that is, the inside radius plus
one-half the thickness.
*R. V. Southwell, Phil. Trans., Royal Society, London, Series A, Vol. 213, 1914, p. 187.
tDean, Proc. Royal Society, London, Series A, Vol. 107, 1925, p. 734.
tPrescott, Applied Elasticity, p. 530.
R. Lorenz, Zeitschrift des Vereins Deutscher Ingenieure, Vol. 52, 1908, p. 1706.
R. Lorenz, Physikalische Zeitschrift, 1911, p. 241.
S. Timoshenko, Zeitsechrift fur Math. u. Phys., Vol. 58, 1910, p. 337.
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Southwell, Dean, and Prescott give for a lobed form of wrinkle
the equation:
E 1 t N 2 -1S = -- . - - -- (2)
V 3 V/1 - R N 2 + 1
where N = number of lobes in the wrinkle.
For a long slender tube, failure does not occur by wrinkling but
by the type of buckling investigated by Euler. The unit stress at
which buckling is likely to occur in this case is given by the formula,
r2 E
s =c-- (3)
(L)2
where s = unit stress at failure.
r = radius of gyration of the cross-section of the shell.
c = a constant depending on the end conditions.
R2
For a very thin shell, r2 = -, and Equation (3) becomes,
2
It may be noted that Equations (1) and (2) for the wrinkling type
of failure do not involve the length of the shell. That is, the critical
wrinkling stress is independent of the length. Although the unit
critical wrinkling stress is independent of the length of the shell,
nevertheless the total load-carrying capacity is affected by the ratio
of the length to the radius of gyration in the case of long slender
shells. For if there is a tendency to buckle the stress will no longer be
uniform over a section and failure will occur when the maximum stress
on the section becomes equal to the critical wrinkling stress.
Robertson* disagrees with Equation (2), claiming that it should
be the same as Equation (1). He points out that in deriving Equa-
tion (2) both Southwell and Dean assumed that the axial wave length
of the deformations of the shell wall is large. However, experiments
have shown that this wave length is small, and with this assumption
Southwell's analysis gives the same result for a lobed wrinkle as for a
circular wrinkle, upholding Robertson's contention.
*Robertson, Technical Report of the Aeronautical Research Committee, 1928-29, Vol. II, p. 935.
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In any case, where the number of lobes is greater than 3, Equa-
tion (2) gives substantially the same critical stress as Equation (1).
An expression may be derived for the maximum number of lobes,
N, in a lobed form of wrinkle. According to Robertson,*
1
N < 2 -A (5)
where
1 /)2A = - 2  (6)12 R 1 --
For a value of A of 0.3, the expression reduces to
0.9091
N < -R- (7)
According to the derivation, the number of lobes may range from
zero to the right-hand term of Equation (7). It may be noted that a
two-lobed wrinkle is elliptical, a three-lobed wrinkle triangular, etc.
5. Limitations of Theory.-Equation (1) of Section 4 is limited in
its application to perfect specimens; that is, those in which the form
of the cylinder is perfect, and the material is homogeneous and has a
constant ratio of strain to stress until failure occurs by wrinkling.
In other words, for steel specimens it is limited to values of t/R
which are small enough, for the theoretical critical wrinkling stress
to be less than the proportional limit of the material. For example,
for steel having a proportional limit of 30 000 lb. per sq. in., modulus
of elasticity of 30 000 000 lb. per sq. in., and Poisson's ratio of 0.3,
the value of t/R for elastic instability must be less than 0.00166.
For a shell four inches in diameter this would correspond to a wall
thickness of 0.00332 inches.
It appears, then, that in cylindrical shells or tubes of the propor-
tions ordinarily used, failure could not occur by elastic wrinkling
because the proportional limit of the material is less than the theo-
retical wrinkling stress. It is desirable, therefore, to find an expres-
sion for the stress causing collapse of a tube of such proportions that a
wrinkling failure occurs because of plastic instability at a stress equal
to or greater than the proportional limit of the material. A method
*Technical Report of the Aeronautical Research Committee, 1928-29, Vol. II, p. 950. This
reference contains a typographical error. The correct expression is given in this text.
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proposed by Geckeler is given in Section 6, and one proposed by the
authors in Section 7.
Southwell's theoretical analysis was developed for specimens of
uniform thickness concentrically loaded. Assuming, for eccentric
loading, that wrinkling occurs when the unit stress at any point
(the sum of the stresses due to flexure and to axial loading) reaches
the critical stress (an assumption that is borne out by the results of
the experiments herein reported), an expression may be derived for
the wrinkling strength of a tube loaded through its geometrical cen-
ter, but having a known variation in thickness around any cross-
section. This variation in thickness has the same effect as eccentricity
of load and may appreciably increase the stress at the thinnest point.
The effect of a variation in thickness is determined on the assump-
tion that the inner and outer boundaries of the shell are circular but
not concentric. The further assumptions are made that the mean
surface, or the surface midway between the inner and outer surfaces,
is approximately circular; and that the thickness, consequently the
variation in thickness, is small compared to the radius of the tube.
The eccentricity is given by the expression
e a
=- (8)
R 2t
and the increase in stress due to the eccentricity resulting from the
assumed variation in thickness is given by the expression
la
1+--
a 2tf = - f (8a)
t 1 a2
1 - - ---
2 t2
where R = mean radius of the shell wall.
e = eccentricity of load, equal to distance from center of
gravity to geometrical center of mean surface.
ti = minimum thickness.
t2 = maximum thickness, diametrically opposite.
t2 + tl
t = average thickness; t = -- 2
t2 - t
a = one-half the maximum variation in thickness; a =
2
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f = stress for concentric load on uniform section having same
area as given section.
fi = increase in stress due to variation in thickness.
a
For small variations, f, is approximately equal to - * f, or the
t
per cent increase in stress is approximately equal to the per cent
deviation in thickness from the average.
III. PLASTIC WRINKLING
6. Method Presented by Geckeler.-J. W. Geckeler* has treated the
case of plastic wrinkling mathematically, making the assumption
that each longitudinal strip of the shell wall acts as a column subjec-
ted to lateral forces from the other strips, as well as a compressive
load. He considers only the possibility of a uniform circular bulge
and gives the equation for the critical stress:
VKE t
S V3 (1 - *u) R
in which K is defined by the equation,
4 E1 E2K= (V/E +VE)2
where E1 = slope of stress-strain curve for any given compressive
stress, that is, for the existing stress, S.
E2 = slope of stress-strain curve for a decreasing compressive
stress, approximately equal to E, the initial modulus of
elasticity in tension, for structural steel.
The equation has to be solved by trial for any particular case, since
E1 is a function of S.
The constant K is the same as that given by Von Karmant and
Nadail for the Eulerian plastic buckling of rectangular columns for
*"Plastisches Knicken der Wandung von Hohlzylindern," Zeitschrift ffl Angewandte Mathe-
matik und Mechanic, Oct. 1928, V. 8, p. 341.
t"Untersuchungen tiber Knickfestigkeit," Mitteilungen tber Forahungsarbeiten auf dem Gebiete
des Ingenierwesens, Vol. 81, 1910, p. 20.
"Plasticity," A. Nadai, p. 178.
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use in the ordinary formula instead of E. If E2 is taken equal
approximately to E, Equation (9) becomes
E 1 t 2
S =R B (9a)
1 + \ E
It is readily seen that Equation (9a) agrees with Equation (1)
when E1 = E, or in the region of elastic wrinkling. When E1 ap-
proaches zero, which it does at a yield point, the value of S approaches
zero. This would indicate that it is impossible to obtain a critical
stress higher than the yield point, no matter what the thickness-
radius ratio may be.
7. Proposed Critical Strain Method.-A rational method for the
treatment of plastic wrinkling is proposed. This method lends itself
readily to the use of an empirical constant to correlate the results of
experiment with theory.
The theoretical equation for elastic wrinkling, derived by South-
well and others, gives for the critical wrinkling stress
E 1 t
S =-
V73 1 R
The strain at this critical stress is
S 1 t (10)
. = (10)
E V/3 (1 - A2) R
since perfect proportionality between stress and strain is assumed in
the derivation of Equation (1).
It is evident, then, that for elastic wrinkling the critical strain is
independent of the elastic modulus of the material, and depends only
on the dimensions of the tube, t and R, and to a very slight extent on
Poisson's ratio. The effect of a variation in Poisson's ratio from
0.2 to 0.4 in either Equation (10) or Equation (1) is not appreciable.
Consequently, the value of A = 0.3 has been used in the computations
throughout. For this value, Equation (10) becomes
I
e = 0.60 -.
R
R
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FIG. 1. ASSUMED STRESS-STRAIN CURVES AND CORRESPONDING CuR-
WRINKLING-STRESS CURVES
• ^ 60 -- - + - - - - -- - . -"^ - =
equation is applicable to either elastic or plastic wrinkling. That is
to say, the stress-strain curve for the material in compression is, to
the scale indicated by Equation (11), also a wrinkling-strength-t/R
0/0 /5 2 25
Fig. 1. The scal for the wrinkling-strength- /R curve is also ind -
Ifcated in t is a sumed thatIn addi tube of given dimens o s will fail when the
straiven by Greaches the cri's equation for the same assumed stress-strain
equation s elastic oordin tic sThe difference
beto say, the strewo strs ainof curve for the materinkal in compstress is negligibletothe scale indicated by Equation (11), also a wrinkling-strength-t/R
for Three assumed typical stress-strain curves for steel are given inassumed.
cated in the notfigure. In additioure ins the wrin, the to al load carried by a
tube varies dirby Geckl ry as thequation for the thicknsame ass aumed stress-stra n
of the radius, while if failure is plastic, the total load varies directly
(approximately) with the area of the cross-section of the tube.
8. Review of Previous Experimental Investigations.-Lilly* was one
*Institution of Civil Engineers, Ireland, March 7, 1906, p. 27, and Proc. Inst. Mech. Eng.,
London, 1905, Part 3 and 4, p. 697.
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of the first experimental investigators of this problem. He tested a
large number of mild steel tubes varying from 38-in. diameter and
22-gauge thickness to 1-in. diameter and 18 gauge, and found that when
the ratio of the length to the radius of gyration was less than 80 for
the thinnest tubes, failure occurred by wrinkling. He concluded that
"when the failure takes place by secondary flexure (wrinkling), for a
large range of the length there is little variation in the breaking load."
Lilly reported no control tests, but stated that the ultimate strength
in tension of the tubing varied from 62 000 to 85 000 lb. per sq. in.
Mason,* in experiments on mild steel under combined stress made
compression tests on hollow cylindrical tubes 23 4 -in. diameter and
10 gauge, and 3-in. diameter and 14 guage, t/R being 0.089 and 0.052,
respectively. He found failure to occur at about the yield point stress,
and that, over a small range, length had no effect on the stress
required to cause failure by wrinkling.
Popplewell and Carringtont made tests on high tensile strength
steel tubes, both hardened and annealed. Unfortunately, they re-
ported no adequate control tests, and defined the "wrinkling stress"
as the stress .at which the stress-strain relationship for the tube de-
parts appreciably from a straight line. They do not report the ulti-
mate loads. They found that for values of t/R above 0.1, their
"wrinkling stress" is the same as the proportional limit of the material
in tension, and below this value of t/R, the "wrinkling stress" is
directly proportional to t/R.
Robertsont concludes, from his very extensive series of experi-
ments, that:
(a) "For tubular struts of mild steel having a yield in compression
of 22 tons per sq. in., the strength depends on the yield stress and
not on the wrinkling stress provided t/R is greater than 0.022.
(b) "For short specimens of thin tubes, tested in compression,
failure will occur either at the yield or at a stress (below the yield
point) which is some fraction of the Southwell value (Equation 1)."
The value of this fraction, from Robertson's experiment, varies
from 0.4 for tubes of drawn mild steel and nickel-chrome steel to
0.6 for tubes of the high strength steel used in aircraft construction.
Robertson seems to be the only one who has conducted tests on
tubes of such thickness that elastic failure, or failure at a stress
materially below the yield point, takes place.
*Mason, Proc. Inst. of Mech. Eng., Parts 3 and 4, 1909, p. 1205.
tPopplewell and Carrington, Proc. Inst. Civil Engineering, Vol. 203, 1916-17, p. 381.
tRobertson, Technical Report of the Aeronautical Research Committee, 1928-29, Vol. II, p. 935.
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IV. DESCRIPTION OF TESTS AND APPARATUS
9. Machined Specimens.-Tests were made on machined speci-
mens 4 in. and 14 in. in diameter and varying in length from 1%• in.
to 20 in., made of lap-welded steel pipe, wrought iron pipe, Shelby
seamless steel tubing, and hot-rolled seamless steel tubing.
Nearly all the specimens had 2 -in. collars at the ends, which
acted as stiffeners, but which were primarily for the purpose of allow-
ing apparatus to be attached and strain gage holes to be drilled
without injuring the thin section of the tube. The material and
nominal dimensions of the different groups of specimens are given in
Table 1.
The specimens made of Shelby seamless tubing were machined to
the desired thickness by turning the outside only; all other specimens
listed in Table 1 were machined both inside and outside to the
desired thickness.
Thickness measurements of the machined specimens were made
with an instrument on the principle of a micrometer caliper with a
deep throat. The tube to be measured was supported on three
round-ended pins embedded in a 2-in. by 0.25-in. steel bar in such a
manner that the tube always rested on the center pin and one of the
end pins. A steel arm was attached to the bar and supported an
Ames dial micrometer graduated to thousandths of an inch, placed
so that the plunger moved vertically over the center pin. A zero
reading was taken with the plunger in contact with the pin and the
tube supported beneath the bar so that its weight was carried in the
same manner as if it were being supported on the pins for a measure-
ment. In general the thickness was measured at eight points around
the circumference on circumferential gage lines from 0.5 in. to 2.5 in.
apart, depending on the length of the specimen.
Stress-strain diagrams for the specimens of series 1 and 5 were
obtained during the test by means of an autographic apparatus.
The load on the specimen was indicated by the vertical movement of
a pencil on the record. This vertical movement was controlled by
the hand wheel operating the poise on the testing machine. The
deformation of the specimen, greatly multiplied, was indicated by a
rotation of the record drum.
Deformations during the test of the specimens of series 6 were
measured by means of an apparatus of the type commonly used for
determining the strain in concrete cylinders in compression. This
apparatus gave the average deformation of opposite sides of the
specimen.
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Deformations of all other specimens were obtained with a strain
gage, the gage holes being drilled in the collars of the specimen,
except in the case of series D, for which the gage holes were drilled
in the bearing blocks used in the test. This latter method gave values
for the strain which are believed to be erroneous.
All the 4-in. specimens were tested in a 30 000-lb. Riehle testing
machine. A special bearing block or plug in contact with the end of
the specimen had a cylindrical projection that fitted snugly on the
inside and extended into the end of the specimen. Generally a
spherical bearing block was used in conjunction with the plug, and
was wedged into place after a small initial load had been applied.
All the 14-in. specimens were tested in a 200 000-lb. Riehle testing
machine. The bottom of the specimen rested directly on a fixed
bearing block, and the inside at the bottom was stiffened by a ring
that fitted snugly into the specimen. The upper bearing block was a
combination plug and block of the same general type as that used for
the small machined specimens and described in the previous para-
graph.
For the specimens of series 2, the eccentric loading was accom-
plished by means of a /51-in. steel ball placed in a shallow conical
hole in the top bearing plug. The bottom bearing plug rested on a
roller nest, the direction of motion of the rollers being in the direction
of eccentricity of load.
During the tests of specimens of series A and B measurements
were taken of the external diameter at various places. However, the
change in diameter was evidently less than the tolerance of the in-
strument, 0.0005 in., and the measurements were not made in
subsequent tests.
Coupons for tension control tests were cut from the same pieces of
pipe as the specimens of series A, B, and 6. These coupons were flat,
had approximately the same thickness as the finished specimens they
were to represent, and had the same general proportions that are
usually used for control specimens of thin plates. The 4-in. Shelby
tubing, however, was too thin to permit the machining of coupons of
this type from it. Hence a tubular tension control specimen was
used and fittings devised for testing it. The tension specimens were
machined to the same thickness as the shells which they represent.
Strains were read with a microscope strain gage using targets painted
on the specimen.
10. Fabricated Specimens.-Tests were made on three groups of
fabricated specimens, designated as series E, 7, and 8. There were
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FIG. 2. TRUNCATED-CONE BEARING BLOCK AS USED TO LOAD SHELL
80 INCHES IN DIAMETER
four specimens in series E, 6 ft. high, 6 ft. 8 in. in diameter, and 0.25
in. thick. Two of the cylinders had a welded butt girth seam, and
two a riveted lap girth seam. The vertical seams in each cylinder
were of the same type as the girth seams. The cylinders had 3-in. by
3-in. by 5 f 6 -in. angles spot-welded to the shell around top and bottom,
but contact with the loading head and bed of the testing machine was
made by the shell alone, the backs of the angles being placed about
1/8 in. away from the ends of the plates.
The twelve specimens of series 7 were made by welding 1 2 -in.
hot-rolled steel plate. All the specimens were 30 in. high; the diam-
eters were 10, 20, 30, 40, 50, and 60 in. The 10-, 20-, and 30-in.
specimens were made of one plate each and had one vertical seam.
The larger specimens had two vertical seams. The ends of all except
the 10- and 20-in. specimens were held cylindrical in shape during
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the tests by means of a disk, cut from 1-in. by 8-in. redwood plank,
that fitted into the end of the specimen.
The six specimens of series 8 were fabricated by butt-welding
1 g-in., medium-grade, hot-rolled steel plate. The 6-ft. specimens
were made from one plate and had only one vertical seam. The
longer specimens were made up of 5-ft. sections so connected that the
vertical seams of adjacent sections were diametrically opposite. All
the specimens were 34 in. in diameter.
All the fabricated specimens, except the 10-in. specimens of series
7, were tested in a 3 000 000-lb. Southwark-Emery hydraulic testing
machine. The specimens of diameter greater than 40 in. were loaded
by means of the truncated-cone top bearing block shown in Fig. 2.
For series 7 and 8 shims were used between the ends of the shell and
the bearings to fill gaps caused by unevenness of the specimen or
bearing. For series E, measurements were taken at various loads of
the width of gap, but the gaps were not filled.
For series E and 8 the strain was measured on eight 8-in. vertical
gage lines spaced at equal distances around the circumference, and
profile measurements were taken from four wires spaced 90 degrees
apart and stretched from top to bottom of the cylinder. No measure-
ments were taken during the tests of the specimens of series 7.
Thickness measurements of all the fabricated specimens were
made only at the ends, at eight points around the circumference.
Tension control coupons were cut from the parent plates for series 7,
and from the cylinders after test for the other series.
V. RESULTS OF TESTS
11. General.-The wrinkling stresses for all the centrically loaded
machined specimens are given in Tables 2 and 3, and for the fabri-
cated specimens in Table 4. Stress-strain curves for some of the
4-in. Shelby tubes of series D are given in Fig. 3. Stress-strain dia-
grams for tension and compression are compared in Fig. 4. These
diagrams were plotted from strains measured with a strain gage.
Diagrams reproduced from the records of an autographic extensom-
eter are shown in Fig. 5. The diagrams of Fig. 6 show the relation
between the stress and strain for the 14-in. specimens. It may be
seen from these curves that, in general, wrinkling was accompanied
by a considerable sudden drop in load. The curves for series 6 in
particular show that release of load is accompanied by some recovery
of strain. The set upon full release of load is due primarily to the
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FIG. 3. STRESS-STRAIN DIAGRAMS, 4-IN. SHELBY SEAMLESS TUBING
effect of the lateral bulging causing a longitudinal shortening of the
specimen. This set varies with the thickness of the specimen, being
practically negligible for the thin specimens. This is due to the fact
that, for the thin specimens, the wrinkles practically completely dis-
appeared upon removal of the load. Specimen 614, the thinnest
specimen tested, showed a rather peculiar tendency in that, for loads
near the maximum, wrinkles appeared here and there sporadically,
each accompanied by a slight drop in load. This is reflected in the rather
uneven stress-strain curve. However, after reaching its maximum value,
the load dropped off considerably, and wrinkles extended all the way
around the specimen. Release of load was accompanied by complete
disappearance of the wrinkles. On the second application of load,
the same curve was retraced, and the second maximum was almost
the same as the first. This, of course, is a characteristic of true elastic
wrinkling. Specimen 614 was the only specimen to behave in this
manner. For the other specimens the second maximum load reached
was usually the same as the load on the specimen immediately after
the initial wrinkling.
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FIG. 4. COMPARISON OF STRESS-STRAIN DIAGRAMS FOR TENSION AND COMPRESSION,
4--IN. SHELBY SEAMLESS TUBING
The longitudinal wave length of deformation, whenever this was
clearly defined, was always much less than the radius of the cylinder.
Series 6 was the only series for which fairly definite values of this wave
length could be obtained. For the few specimens that failed in several
rows of wrinkles the distance between adjacent rows, or the wave
length, ranged from about 1.50 in. to 2.75 in., and was generally about
2 in. It should be noted here that adjacent rows of wrinkles are
always so located that the vertices of the lobes of the upper row are
above the centers of the lobes of the lower row. That is, the lobes
are staggered in the longitudinal direction.
The physical properties of the material in tension for each series
of machined specimens are given in Table 5. The values for each of
6^71/ Deflor-11a7f1o-
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FIG. 5. AUTOGRAPHIC STRESS-STRAIN DIAGRAMS, 4-IN. SHELBY SEAMLESS TUBING
the fabricated specimens are given in Table 6. The stress-strain
curve for a control specimen cut from the 14-in. hot-rolled seamless
tubing is given in Fig. 7.
12. Effect of t/R Ratio on Wrinkling Stress.-In general, for all
the different tubes tested, the wrinkling stress seemed to vary prac-
tically directly with the t/R ratio up to a certain critical value. This
critical value was different for specimens made of different materials.
For values of the t/R ratio higher than this critical value the wrinkling
stress seemed to be practically constant.
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FIG. 7. STRESS-STRAIN DIAGRAMS FOR CONTROL SPECIMENS, 14-IN.
HOT-ROLLED SEAMLESS TUBING
The tubes of series A made from lap-welded steel pipe had values
of the t/R ratio varying from 0.0122 to 0.0353. The maximum stress
for these specimens did not vary greatly from a general average of
about 38 500 lb. per sq. in. The thinnest tube of this series failed at a
stress of 31 400 lb. per sq. in., but the next thicker tube, having a
t/R ratio of 0.0126, sustained a stress of 40 600 lb. per sq. in., the
second highest value reached in the series. Probably the critical t/R
ratio is somewhat near 0.012 for these tubes.
The specimens of series D and those of series 1 were all machined
from the same piece of Shelby tubing, and a comparison may profit-
ably be made, although the end conditions and lengths for the two
series of tests were different. The general trend of the results is
shown in Fig. 8. It is evident that the thinner tubes failed at stresses
less than the thicker ones nearly in proportion to the t/R ratio up to a
value of approximately 0.01. The thicker tubes failed at approxi-
mately the same stress. It should be noted that the specimens of
series D had plain ends and those of series 1 had collars at the ends.
This difference in end condition evidently has little if any effect on
the wrinkling strength.
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FIG. 8. RELATION BETWEEN WRINKLING STRESS AND t/R RATIO
Fig. 8 shows also the t/R ratio-wrinkling-strength relation for the
large machined specimens of series 6 and for the fabricated specimens
of series 7. The critical t/R ratio evidently has not quite been reached
in series 6, the maximum stress varying almost directly as the t/R
ratio for all the specimens of the series. For the specimens of series 7,
the critical t/R ratio appears to be about 0.0025..
In all cases where the wrinkling stress is approximately propor-
tional to t/R, the constant of proportionality is always much less than
that given by Equation (1) for the theoretical critical wrinkling stress.
Values of from 30 to 60 per cent of the theoretical are obtained for the
machined specimens, and but 20 to 25 per cent of the theoretical
values for the fabricated specimens.
For the specimens having a thickness-radius ratio greater than
the critical value, the wrinkling strength was practically constant.
The stress at collapse, for the machined specimens, was generally
above the proportional limit of the material, and, for the lap-welded
and wrought iron tubes, at or above the yield point of the material.
For the fabricated specimens the maximum stress was considerably
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less than the yield point of the tension control specimens for the
material. For the very thin fabricated specimens it is felt that this
is due partly to uneven distribution of load at the ends of the speci-
men and to geometrical irregularities in the form of the specimen.
Apparently the only variable having any effect on the number of
lobes in the wrinkle causing failure of the specimen is the thickness-
radius ratio. Specimens of different length but of the same diameter
and thickness had the same number of lobes, and specimens of the
same dimensions under different degrees of eccentric loading failed
in such a manner as to indicate the' probability of there being the
same number of lobes in the wrinkle if it had extended completely
around the circumference.
In no case was the theoretical maximum number of lobes given by
Equation (7) exceeded. However, in all but one of the specimens of
4-in. diameter lap-welded steel tubes, wrought iron tubes, and Shelby
seamless steel tubes, of all different thicknesses and lengths, except
when the number of lobes was zero, the actual number of lobes was
2 or 3 less than the theoretical maximum. There was no definite
correlation between the actual and theoretical number of lobes for the
large machined specimens or for the thinnest fabricated specimens.
13. Use of Empirical Constant in Critical-Strain Method.-It is
evident from the tests reported that the theoretical critical wrinkling
stress given by Equation (1) is not at all in accordance with experi-
mental results even in the cases to which it should strictly apply.
Since, for elastic wrinkling, Equation (1) and Equation (10) give the
same results, neither does the latter equation agree with experiments.
However, Equation (10) can be modified by introducing a simple em-
pirical constant so as to give results in fair agreement with those
obtained by experiment.
Modifying Equation (10) by the introduction of an empirical
constant, c, the critical wrinkling strain is given by the relation
t
= c X 0.60 - (12)
R
Using this relation, the scale may be established whereby the stress-
strain curve for the material in compression becomes also the wrin-
kling-strength-t/R curve.
Experimentally determined values of c for the Shelby tubing of
series 1 and series D are given in Table 7. The unit strain at maxi-
mum load obtained -from the stress-strain curves for the tubes is
unreliable, but it is given to show that there is some agreement be-
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tween this value and the value obtained from the control specimens.
Strictly, the stress-strain curve for the material in compression should
be used, but this is generally not convenient to obtain. It is evident
from the table that, although there is a large variation in the ratio of
actual to theoretical stress, there is only a small variation in the ratio
between actual and theoretical strains. The average value of c for
this tubing, from Table 7, is 0.315. This is based upon the strain
corresponding to the maximum unit stress corrected for variations in
the thickness of the shell. This value should be reduced to allow for
imperfections, if they are to be expected. A value of 0.27 would give
results that correspond more closely to the actual wrinkling stresses
uncorrected for imperfections for the more irregular tubes of this
series.
To obtain the wrinkling-stress-t/R relation from the stress-strain
1
curve for, say, a value of c = 0.30, the t/R scale would be - times
0.18
the strain scale (see Equation (11)). For this value of c the following
results were obtained:
Specimen t/R Predicted wrinkling Actual maxi-
No. ratio stress, c = 0.30 mum stress
110 0.01503 54 500 55 500
111 0.00752 40 400 40 400
112 0.01482 54 300 52 600
113 0.00736 40 000 43 700
D1 0.01018 48 800 49 400
D5 0.00997 48 400 50 600
The value of c for the lap-welded steel pipe of series A is indeter-
minate, since failure occurred at or near the yield point where there
is a large variation in strain with little variation in stress. Similarly,
the specimens of series 2 failed at a stress corresponding to a point
beyond the rather sharp break in the stress-strain curve for the
control specimen.
For all the other specimens the actual stress at collapse was less
than the proportional limit of the material, although, except for one
specimen of series 6, failure took on the characteristics of plastic
failure in that recovery was not complete when the load was removed.
For specimens for which failure is elastic the critical-stress method,
represented by Equation (1), and the critical-strain method, repre-
sented by Equation (11), are equally applicable and give the same
results. For material not having a well-defined yield point and for
values of t/R that cause failure to occur at a stress somewhat above
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the proportional limit, the critical-strain method appears to be
particularly useful.
The experimentally determined values of c for the various groups
of specimens are:
Series Type of Specimen c
1 and D 4-in. Shelby tubing 0.31
5 4-in. Shelby tubing 0.37
6 14-in. hot-rolled tubing 0.45
7 Fabricated specimens
thickness = 0.03 in. 0.20 to 0.25
8 Fabricated specimens
thickness = Y in. 0.18 to 0.23
E Large fabricated specimens
thickness = Y in. 0.25 to 0.26
14. Effect of Length on Wrinkling Stress.-Theoretically, length
has no effect on the critical wrinkling stress of a tube. However, for a
long tube, flexure of the axis will occur and Euler buckling, or a com-
bination of buckling with wrinkling, will take place. The length to
which pure wrinkling failure is limited is not definitely known. There
are several difficulties attached to the experimental determination of
this length. Imperfections in the tube, irregularities in thickness,
lack of homogeneity of the material, etc., are more likely to occur in a
long tube than in a short one.
Machined and fabricated specimens were tested to observe wheth-
er, over a short range, the length has any effect on the wrinkling
stress. The machined specimens of series D were fairly regular in
thickness and showed little variation in strength for a variation in
length from 1.75 to 20 inches. The specimens of series 5 were irregu-
lar, and since they were thinner than those of series D, the irregulari-
ties were of greater importance. Nevertheless, the longest specimen
of this series attained the highest stress and was less than the average
in thickness. The maximum stresses corrected for irregularities in
thickness are more nearly uniform. The relation between the length
and the wrinkling stress for these two series of specimens are given
in Fig. 9. The horizontal lines indicate the average value of the
wrinkling stress for each series.
The fabricated specimens of series 8 gave a decrease in strength
with length. This is shown in Fig. 10. It is a question how much of
this may be ascribed to flaws, dents, variations in thickness, and
other irregularities in the longer specimens. The initial bend of about
3• inch in the axis of one of the longest specimens would increase the
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4-IN. SHELBY SEAMLESS TUBING
stress on one side by practically 9 per cent. The difference between
the load carried by the 6-ft. specimens and that carried by the 35-ft.
specimens is about 20 per cent. Variation in thickness, the weakness
of transverse joints, dents, and irregularities may have caused part of
this difference. The material in the 35-ft. specimens at the section of
failure had a lower yield point than the material in the shorter spec-
imens. This may have caused failure to occur at a low load even
though the average wrinkling stress was below the yield point.
I I I I I I I
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Length of S/1e// 1A Feet
FIG. 10. RELATION BETWEEN LENGTH AND WRINKLING STRESS,
FABRICATED SPECIMENS, SERIES 8
It should be noted in this connection that all the long specimens
failed at a transverse joint or at a dent in the shell wall. The 6-ft.
specimens failed at the ends of the tube. It is believed that the
decrease in load carrying capacity for the longer specimens is attrib-
utable to unavoidable physical and geometrical imperfections in long
fabricated cylinders rather than to the direct effect of length.
15. Effect of Eccentric Loading on Wrinkling Stress.-If the def-
ormations in the shell wall which produce a condition of instability
resulting in wrinkling are a direct linear function of the longitudinal
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STRENGTH OF THIN CYLINDRICAL SHELLS AS COLUMNS
strains in the shell, the cylinder will collapse by wrinkling when the
strain at any point reaches the critical strain. Assuming a linear
relation between stress and strain, the maximum stress for a given
load and a given eccentricity is determined by the relation
P 2e
f=A R (13)
where f' = maximum stress
P = load on the cylinder
A = area of cross-section of shell wall
e = eccentricity of load
R = mean radius of shell wall
Tubes of two different lengths, but of the same .diameter and
thickness were tested under different degrees of eccentric loading.
Measurements were taken of the longitudinal deformations on four
gage lines around the circumference, one gage line being in the direc-
tion of eccentricity of load. There was an approximately linear
distribution of strain across the section of the cylinder.
The wrinkling stresses for the eccentrically loaded shells are given
in Table 8. The correction for variation in thickness was in some
cases negative for the 4-in. cylinders. For the longer cylinders it was
always positive since the cylinders were so irregular that there was
always at least one point where the effect of the two eccentricities
was additive.
The results of the tests are plotted in Fig. 11. The average stress
at collapse, the maximum stress computed by Equation (13) from the
average stress at wrinkling, and this maximum corrected for varia-
tions in thickness of the shell wall, are all shown plotted against the
eccentricity of load. The average-stress-eccentricity relation is prac-
tically a linear one. The maximum stresses computed by Equation
(13) are slightly erratic, but the corrected stresses seem to be approxi-
mately uniform. The difference in strength of the two different
lengths of specimens is not consistent with the results shown in Fig. 9.
This difference in strength may be ascribed to imperfections in the
tubes, to the manner of putting the longer tubes on the mandrel,* or
to an inherent weakness of long specimens as compared with short
ones.
However, the conclusion is apparently justified that for tubes
similar in all respects except for degree of eccentricity of load, wrin-
*The long tubes were heated slightly with a blow torch in putting them on the mandrel. It is
believed that they were not sufficiently heated to affect their physical properties.
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FIGa. 11. RELATION BETWEEN WRINKLING STRESS AND ECCENTRICITY
kling will take place at a certain maximum stress, f', as computed by
Equation (13), for all degrees of eccentricity. In other words, eccen-
tricity of load has apparently no effect beyond that of changing the
distribution of stress on the cross-section of the cylinder.
16. Wrinkling of Fabricated Cylinders.-It is to be expected that
cylindrical shells fabricated in the ordinary manner will be weaker
than machined shells. Irregularities in material affect both types of
specimens; but fabricated specimens are, in addition, affected by
transverse joints, dents, flaws, and geometrical imperfections such as
bends in the axis and irregularity in the shape of cross-section.
For the large fabricated specimens of series E, the unevenness in
bearing was reflected in the irregular distribution of strain around the
circumference of the cylinder as shown by the strain measurements.
Filling the gaps with shims, as in series 8, gave a better distribution of
strain, but even in this series the maximum strains were in general
about 14 per cent greater than the average for loads near the wrin-
kling load.
The change in profile during the test was very slight except for
the cylinders having a lap-riveted girth seam. It should be noted
that the effect of the lap joint is evident at fairly low loads. Trans-
verse lap joints are a serious source of weakness; the stress sustained
by the lap-riveted cylinders of series E was 10 to 12 per cent lower
than that carried by the corresponding butt-welded cylinders. The
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FIG. 12. LAP-WELDED STEEL TUBING AFTER FAILURE
small machined wrought iron cylinders with offset walls were weaker
than the corresponding straight cylinders by about 15 to 20 per cent,
indicating that the difference in strength is due not to riveting of the
joint, but to the offset in the shell wall.
It is not definitely known how much butt-welded joints affect the
strength of a cylinder. However, all the fabricated specimens having
transverse joints failed initially at a joint except in the case of one
specimen which failed at an evident flaw or dent in the shell.
All the fabricated specimens from short flimsy ones to long heavy
ones failed at practically the same proportion of the theoretical load,
and at a stress considerably lower than the yield point of the material.
17. Character of Failure.-The failure of the machined specimens)
the ones most nearly approaching geometrical perfection, was abrupt
and without warning. The geometrical imperfections and localized
stresses caused impending failure of the fabricated specimens to be
more apparent. Even for the latter, however, final failure was
very abrupt.
The symmetry of the lobed specimens after failure was a continu-
ous source of wonder. Some of the more perfect geometrical figures
are shown in Figs. 12 to 18, inclusive.
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Fim. 13. FABRICATED SPECIMEN 80 INCHES IN DIAMETER AND 0.25 INCH
IN THICKNESS AFTER FAILURE
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FIG. 14. FABRICATED SPECIMEN 35 FEET IN LENGTH, 34 INCHES IN DIAMETER, AND
0.125 INCH IN THICKNESS IN TESTING MACHINE; WRINKLING
FAILURE OCCURRED AT MIDDLE OF LENGTH
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FIa. 15. MACHINED SPECIMENS 14 INCHES IN DIAMETER AFTER FAILURE
FIG. 16. 4-IN. SHELBY SEAMLESS TUBING AFTER FAILURE
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FIG. 17. FAILURE UNDER DIFFERENT DEGREES OF ECCENTRIC LOADING; 4-IN.
SHELBY SEAMLESS TUBING SPECIMENS 4 INCHES IN LENGTH
FIG. 18. FAILURE UNDER DIFFERENT DEGREES OF ECCENTRIC LOADING; 4-IN.
SHELBY SEAMLESS TUBING SPECIMENS 16 INCHES IN LENGTH
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VI. SUMMARY
18. Summary.-The following conclusions appear to be justified
by the tests reported herein:
(1) The theoretical wrinkling stress was not reached in any of the
tests. The highest value obtained was about 60 per cent of the theo-
retical value for one of the most carefully machined specimens. In
general, a series of incipient wrinkles may be present before failure,
and any one of these, probably the one at the weakest point of the
shell, will cause collapse. It is not to be expected that the values
given by Equation (1) can ever be reached. This large discrepancy
between the theoretical and experimental values of the wrinkling
stress was also obtained by previous investigators.
(2) The wrinkling strength of the cylinders tested varied approxi-
mately directly with the t/R ratio up to a certain critical value of
this ratio. This critical value was at least 0.005 for the large ma-
chined specimens, about 0.01 for the small machined specimens, and
about 0.003 for the thin fabricated specimens. For higher values of
the t/R ratio the wrinkling strength remained practically constant.
(3) The ratio of the strain corresponding to the wrinkling stress to
the theoretical wrinkling strain given by the equation e = 0.60 t/R was
about 0.31 to 0.37 for small specimens machined from Shelby tubing,
about 0.45 for large carefully machined specimens, and ranged from
0.18 to 0.26 for fabricated specimens.
(4) For 4-in. diameter machined specimens, varying the length
from 1% in. to 20 in. has no effect upon the wrinkling stress providing
the specimens are uniform in thickness.
(5) There is a decrease in strength of fabricated specimens with
length. This decrease is believed to be due to variations in thickness,
flaws, and irregularities, which also increased with length. The dif-
ference in strength between 6-ft. and 35-ft. specimens 34 in. in
diameter and }/ in. thick was about 20 per cent.
(6) The maximum stress at collapse for cylindrical shells eccen-
P / 2e
trically loaded, computed by the formula f = - ( 1 + -- ), is prac-
tically constant for different degrees of eccentric loading within the
e
range in - from 0 to 2.
R
(7) The number of lobes was in all cases less than the theoretical
maximum number given by Equation (7). In general, except for
specimens having very small values of t/R, the actual number was
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from 2 to 4 lobes less than the theoretical maximum, for both
machined and fabricated specimens.
(8) A transverse lap joint in a cylindrical shell is a source of
weakness causing failure at a load from 10 to 20 per cent lower than
for a corresponding straight shell. Moreover, the bulging or wrin-
kling at the joint starts at low loads.
(9) Nearly all fabricated specimens failed either at the ends, at
transverse joints, or at flaws or dents in the shell.
(10) Failure was in almost all cases sudden and accompanied by
large vertical deformation causing a sudden drop in load on the test-
ing machine. For fairly thin specimens having no great defects there
is little if any warning of impending failure.
(11) The following rules are suggested for the working stress, P,
to be used in designing thin cylindrical steel shells that function as
columns for which the ratio of the length to the radius of gyration
does not exceed 35:
For machined specimens or cold drawn tubing, straight and free
from local indentations,
t
P = 2 000 000 - lb. per sq. in., but not to exceed one-half of the
R
proportional limit of the material in tension.
For fabricated specimens, straight and free from local indenta-
tions, and containing no lap girth seams,
t
P = 1 600 000 - lb. per sq. in., but not to exceed one-third of
R
the yield point of the material in tension.
The working stress, P, is the maximum stress to be found on any
portion of any section. It includes the average stress over the trans-
verse section due to an axial load, the flexural stress due to eccen-
tricity of the axial force or other causes, and any localized stress due
to the manner of loading or supporting the cylinder.

RECENT PUBLICATIONS OF
THE ENGINEERING EXPERIMENT STATIONt
Bulletin No. 206. Studies in the Electrodeposition of Metals, by Donald B.
Keyes and Sherlock Swann, Jr. 1930. Ten cents.
Bulletin No. 207. The Flow of Air through Circular Orifices with Rounded
Approach, by Joseph A. Polson, Joseph G. Lowther, and Benjamin J. Wilson.
1930. Thirty cents.
Circular No. 20. An Electrical Method for the Determination of the Dew-Point
of Flue Gases, by Henry Fraser Johnstone. 1929. Fifteen cents.
Bulletin No. 208. A Study of Slip Lines, Strain Lines, and Cracks in Metals
under Repeated Stress, by Herbert F. Moore and Tibor Ver. 1930. Thirty-five cents.
Bulletin No. 209. Heat Transfer in Ammonia Condensers. Part III, by Alonzo
P. Kratz, Horace J. Macintire, and Richard E. Gould. 1930. Thirty-five cents.
Bulletin No. 210. Tension Tests of Rivets, by Wilbur M. Wilson and William A.
Oliver. 1930. Twenty-five cents.
Bulletin No. 211. The Torsional Effect of Transverse Bending Loads on Channel
Beams, by Fred B. Seely, William J. Putnam, and William L. Schwalbe. 1930.
Thirty-five cents.
Bulletin No. 212. Stresses Due to the Pressure of One Elastic Solid upon
Another, by Howard R. Thomas and Victor A. Hoersch. 1930. Thirty cents.
Bulletin No. 213. Combustion Tests with Illinois Coals, by Alonzo P. Kratz
and Wilbur J. Woodruff. 1930. Thirty cents.
Bulletin No. 214. The Effect of Furnace Gases on the Quality of Enamels for
Sheet Steel, by Andrew I. Andrews and Emanuel A. Hertzell. 1930. Twenty cents.
Bulletin No. 215. The Column Analogy, by Hardy Cross. 1930. Forty cents.
Bulletin No. 216. Embrittlement in Boilers, by Frederick G. Straub. 1930.
None available.
Bulletin No. 217. Washability Tests of Illinois Coals, by Alfred C. Callen and
David R. Mitchell. 1930. Sixty cents.
Bulletin No. 218. The Friability of Illinois Coals, by Cloyde M. Smith. 1930.
Fifteen cents.
Bulletin No. 219. Treatment of Water for Ice Manufacture, by Dana Burks, Jr.
1930. Sixty cents.
Bulletin No. 220. Tests of a Mikado-Type Locomotive Equipped with Nicholson
Thermic Syphons, by Edward C. Schmidt, Everett G. Young, and Herman J.
Schrader. 1930. Fifty-five cents.
*Bulletin No. 221. An Investigation of Core Oils, by Carl H. Casberg and Carl E.
Schubert. 1931. Fifteen cents.
*Bulletin No. 222. Flow of Liquids in Pipes of Circular and Annular Cross-
Sections, by Alonzo P. Kratz, Horace J. Macintire, and Richard E. Gould. 1931.
Fifteen cents.
Bulletin No. 223. Investigation of Various Factors Affecting the Heating of
Rooms with Direct Steam Radiators, by Arthur C. Willard, Alonzo P. Kratz, Maurice
K. Fahnestock, and Seichi Konzo. 1931. Fifty-five cents.
*Bulletin No. 224. The Effect of Smelter Atmospheres on the Quality of Enamels
for Sheet Steel, by Andrew I. Andrews and Emanuel A. Hertzell. 1931. Ten cents.
*Bulletin No. 225. The Microstructure of Some Porcelain Glazes, by Clyde L.
Thompson. 1931. Fifteen cents.
Bulletin No. 226. Laboratory Tests of Reinforced Concrete Arches with Decks,
by Wilbur M. Wilson. 1931. Fifty cents.
*Bulletin No. 227. The Effect of Smelter Atmospheres on the Quality of Dry
Process Enamels for Cast Iron, by A. I. Andrews and H. W. Alexander. 1931.
Ten cents.
tCopies of the complete list of publications can be obtained without charge by addressing the
Engineering Experiment Station, Urbana, Ill.
*A limited number of copies of bulletins starred are available for free distribution.
ILLINOIS ENGINEERING EXPERIMENT STATION
Circular No. 21. Tests of Welds, by Wilbur M. Wilson. 1931. Twenty cents.
Bulletin No. 228. The Corrosion of Power Plant Equipment by Flue Gases,
by Henry Fraser Johnstone. 1931. Sixty-five cents.
*Bulletin No. 229. The Effect of Thermal Shock on Clay Bodies, by William R.
Morgan. 1931. Twenty cents.
Bulletin No. 230. Humidification for Residences, by Alonzo P. Kratz. 1931.
Twenty cents.
*Bulletin No. 231. Accidents from Hand and Mechanical Loading in Some Illinois
Coal Mines, by Alfred C. Callen and Cloyde M. Smith. 1931. Twenty-five cents.
*Bulletin No. 232. Run-Off Investigations in Central Illinois, by George W.
Pickels. 1931. Seventy cents.
*Bulletin No. 233. An Investigation of the Properties of Feldspars, by Cullen W.
Parmelee and Thomas N. McVay. 1931. Thirty cents.
*Bulletin No. 234. Movement of Piers during the Construction of Multiple-Span
Reinforced Concrete Arch Bridges, by Wilbur M. Wilson. 1931. Twenty cents.
Reprint No. 1. Steam Condensation an Inverse Index of Heating Effect, by
Alonzo P. Kratz and Maurice K. Fahnestock. 1931. Ten cents.
*Bulletin No. 235. An Investigation of the Suitability of Soy Bean Oil for Core
Oil, by Carl H. Casberg and Carl E. Schubert. 1931. Fifteen cents.
*Bulletin No. 236. The Electrolytic Reduction of Ketones, by Sherlock Swann,
Jr. 1931. Ten cents.
*Bulletin No. 237. Tests of Plain and Reinforced Concrete Made with Haydite
Aggregates, by Frank E. Richart and Vernon P. Jensen. 1931. Forty-five cents.
*Bulletin No. 238. The Catalytic Partial Oxidation of Ethyl Alcohol, by Donald
B. Keyes and Robert D. Snow. 1931. Twenty cents.
*Bulletin No. 239. Tests of Joints in Wide Plates, by Wilbur M. Wilson, James
Mather, and Charles 0. Harris. 1931. Forty cents.
*Bulletin No. 240. The Flow of Air through Circular Orifices in Thin Plates, by
Joseph A. Polson and Joseph G. Lowther. 1932. Twenty-five cents.
*Bulletin No. 241. Strength of Light I Beams, by Milo S. Ketchum and Jasper 0.
Draffin. 1932. Twenty-five cents.
*Bulletin No. 242. Bearing Value of Pivots for Scales, by Wilbur M. Wilson,
Roy L. Moore, and Frank P. Thomas. 1932. Thirty cents.
*Bulletin No. 243. The Creep of Lead and Lead Alloys Used for Cable Sheathing,
by Herbert F. Moore and Norville J. Alleman. 1932. Fifteen cents.
*Bulletin No. 244. A Study of Stresses in Car Axles under Service Conditions,
by Herbert F. Moore, Nereus H. Roy, and Bernard B. Betty. 1932. Forty cents.
*Bulletin No. 245. Determination of Stress Concentration in Screw Threads by
the Photo-Elastic Method, by Stanley G. Hall. 1932. Ten cents.
*Bulletin No. 246. Investigation of Warm-Air Furnaces and Heating Systems,
Part V, by Arthur C. Willard, Alonzo P. Kratz, and Seichi Konzo. 1932. Eighty
cents.
*Bulletin No. 247. An Experimental Investigation of the Friction of Screw
Threads, by Clarence W. Ham and David G. Ryan. 1932. Thirty-five cents.
*Bulletin No. 248. A Study of a Group of Typical Spinels, by Cullen W. Parmelee,
Alfred E. Badger, and George A. Ballam. 1932. Thirty cents.
*Bulletin No. 249. The Effects on Mine Ventilation of Shaft-Bottom Vanes and
Improvements in Air Courses, by Cloyde M. Smith. 1932. Twenty-five cents.
*Bulletin No. 250. A Test of the Durability of Signal-Relay Contacts, by Everett
E. King. 1932. Ten cents.
*Bulletin No. 251. Strength and Stability of Concrete Masonry Walls, by Frank
E. Richart, Robert B. B. Moorman, and Paul M. Woodworth. 1932. Twenty cents.
*Bulletin No. 252. The Catalytic Partial Oxidation of Ethyl Alcohol in the Vapor
Phase. The Use of a Liquid Salt Bath for Temperature Control, by Donald B.
Keyes and William Lawrence Faith. 1932. Ten cents.
*Bulletin No. 253. Treatment of Water for Ice Manufacture, Part II, by Dana
Burks, Jr. 1933. Fourty-five cents.
*Bulletin No. 254. The Production of Manufactured Ice at Low Brine Temper-
ature, by Dana Burks, Jr. 1933. Seventy cents.
*Bulletin No. 255. The Strength of Thin Cylindrical Shells as Columns, by Wilbur
M. Wilson and Nathan M. Newark. 1933. Fifty cents.
*A limited number of copies of bulletins starred are available for free distribution.
UNIVERSITY OF ILLINOIS
HARRY WooDBURN CHASE, Ph.D., L.H.D., LL.D., President
The University includes the following departments:
The Graduate School
The College of Liberal Arts and Sciences (Curricula: General with majors,
in •the Humanities and the'Sciences; Chemistry and Chemical Engi-
S neering; Pre-legal; Pre-medical; Pre-dental; Pre-journalism; Applied
Optics)
The College of Commerce and Business Administration (Curricula- Gen-
eral Business, Banking and Finance, Insurance, Accountancy, Trans-
portation, Industrial Administration, Foreign Commerce, Commercial
Teaching, Trade and Civic Secretarial Service, Public Utilities, Com-
merce and Law)
The College of Engineering (Curricula: Ceramics; Ceramic, Civil, Electri-
cal, Gas, General, Mechanical, Mining, and Railway Engineering; En-
gineering Physics)
The College of Agriculture (Curricula: General Agriculture;: Floriculture;
'HomeN Economics; Smith-Hughes-in conjunction with the College of
Education)
The College qf Education (Curricula: Two year, prescribing junior stand-
ing for admission - General Education, Smith-Hughes Agriculture,
Sniith-Hughes Home Economics, Public School, Music; Four year, ad-
mitting from the high sclool--Industridl ,Educatioh, Athletic Coaching,
Physical Education. The Uniersity High School is the practice school
of the College of Education)
The College of Law (three-year curriculum based on a college degree, or
,threekyears of college work at the University of Illinois)
The College of iine and Applied Arts (Curricula: Musi c, Architecture, Ar-,
- chitectural Enginpering, Landscape Architecture, and Painting)
The Library School (two-year cirricul4umfor college graduates)
The School of Journalismn (two-year curriculum based on tlwo years of!
Scolleg work), .
The College, of Medicine (in Chicago)
The College of Dentistry (in Chicago)
SThe Coilege of Phanrmacy (61 Chicago)
The Summer Session (eight weeks)
Experinent' Stations and Sientific Bureausf U. S. Agridultural Experiment
Statibn; Engineeriing Experiment Station; State NItural History Sur-
S s vey; State Water Survey; State Geological Survey; Bureau of Educa-
'^ .::"''tional Research; Bfireau of Business ResearolK . '
S The Library Collction contain (July 1, 1902) 869,592 voltmies and 228,500
panphlets (in Urbana) and46,8 vhimes 'ad 7,900 pamphlets (in
Ior catalkos and infotrmation address TO R1EGSTRAR, UrbAana Iln > i
-V
) ~A'
ii
V
J
1'
tlI 4
<~ I.
'K1
-> r. N
4 ½
3. 47' 4V I>% Wi
IA-
7 
1
^' ' \
Pt t
p -
7-
/
N t Ztfr
K
/1% ") 4.
(7- I
~ <IC
I <¾
,tx
